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1. In a recent paper by R. OBrATH 1) lower bounds for 2?, satis-

fying
x? -+ y? = z? (%, y, z positive integers; p > 2, prime) (1.1)

are given. As usual two cases are distinguished, viz.

Case I: xyz==0 (mod $);

Case II: xyz = 0 (mod p).

In either case certain congruences are combined with numerical
lower bounds of p to the following results

Case I: 27> 10%8x10°
Case II: z7 > 103-2x10°

In this note it is shown that in case I by using the same lower
bound p = 253747889 of D. H. and EMMA LEHMER 2) the following
sharper result can be derived:

Case I: z > 106%10%: »p — 1Ql-5%108

2. In the following sections p denotes a prime > 7.
For sake of symmetry in (1.1) put X =%, Y =19, Z = — z, hence
XP L Y24 Z2=0. (2.1)
With the restriction of case I (p 4 xyz) one has:
X, Y, Z are integers, p + XYZ.

LANDAU 3) proves
2X = —A?+B?4-C?, 2Y = A»—B?+(C?, 27 = A?»+B»—(»,
where 4, B and C are integers and
X+A=Y+B=Z+C=0 (mod p?%;

X7t =Yr1l=771=1 (mod p?.
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Hence

A4+B+C = —(X4+Y+2Z) = —(X?+Y?427) = 0 (mod 2.
Further )

—2CC' = A» + B?—C?; (C,C")=1; C' =1 (mod p?.
There are two kinds of prime factors of C, viz.

i) ¢,1C, g, + 4+ B. From ¢, | A* 4+ B? a simple argument
learns ¢; = | (mod ), hence ¢ = 1 (mod $?%). Moreover using the
first theorem of FURTWANGLER %) the prime factor ¢, of C, hence of
Z satisfies

G =g =1 (mod 4.

i) 1C, g2 4 +B. If ¢§|C, ¢§™" & C, then ¢§| 4?4 B>

Since <A + B é—’:‘————Bf) = (4 + B, p A»71) =1 (for otherwise
2 A + B - 3

either p| AB|XY or (4,B) 1) one has ¢3|A4 + B, hence
g5 A+ B+ C.

Then putting C = C,C,, where C; only contains prime factors of
the first kind (¢;) and C, only prime factors of the second kind (g,)
one has

C; =1 (mod 4%, C =C, (mod %), Cy |4 +B+C. (2.2)
Similarly

A =4, (mod $?), B = B, (mod $? (2.3)
and
A,|A+B+C, By| 4+ B+ C. (2.4)
Since 4, B and C are pairwise coprime, so are 4,, B, and C, hence
4,B,Cy| A+ B+ C. (2.5)

From z > x, 2 > y it follows 4 < 0, B< Oand fromx +vy > 0
it follows C > 0. Assuming without loss of generality x <y one
has B < A. Hence defining positive integers a, b, ¢ and integers
ay, by, ¢y by

at+Ad=b+B=c—C=a,+ Ay=0y,+ By =1¢,—Cy =0
one has
2% = a’—b?+4-c?, 2y = —a? 4+ b? 4¢P, 2z = a? -+ b? + c?. (2.6)

Since (¥ + y)? > x? 4 y? = zPonehasx + y > z,¢? > a? -+ b?,
Hence ¢ > & > a > 0. Further the following congruences hold



125

a-+-b—c Ea2+62~———0250 (mod ]52)

and
0 = xP4+1P—2? = x4y—2 = ¢?—a?—b? = c—a—b (mod 6).

Thus
a+b—c =0 (mod 6p?. (2.7)
Finally in virtue of (2.2) and (2.3) one obtains
a=as + ayp®, b =by 4 bp? ¢ =, + cgp?, (2.8)
where ag, b and ¢, are integers and in virtue of (2.5) one has
Asbycy | @ + b —c. (2.9)

b
3. Putting - a, —C—=/3 from (1.1) and (2.6) one obtains

¢
(__ a? 4 p? ;- ])p - (aw_ﬂp -+ 1)20 = (a” + By + 1)»;
O<a<f<l;ar4pr< 1, (3.1)
Using after a suggestion of C. G. LERKERKERKER for 0 < 24 < o
the relation
Plv—)ur=1 < 9p — y» ~ P(v — wu)yr-1
one has
Par(l — a¥ + 1>t < (a® — B2 4 1)> < 2par(a> + o 4 1)ot
hence
@ < (@® — 7 + 1)2 < 2par(1 4 249)5,
thus

@< a?—pBr + 1< (1 4 267V 2p,

Consequently one finds the result

I —p7 < a(l + 269)V2p (3.2)
and
2(1 —p7) > a—a?+1—p? > ¢
thus
I — 7 > 14, (3.3)
Now from (3.2) it follows
log 2pe
B>1 —--3—-3. (3.4)
In fact the supposition g < 1__log 2pe leads to
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1 » 1
ﬁ”<(1—ogzm> <

p pe’
thus
| 1
e A.:l < L. < - 2pe < - 39 < a\?yé}‘; < p’\p/Z-}; <e :) ,
T2 114 2p
e T e

which is impossible since ¢ > 2.
Since p = 8 one obtains from (3.4) the relation § > .
Then using (3.2) one finds

e a ARl R R

e 1 —g?
13> V2L 420 > V(28 > L

hence
a-+f§>1 (8.5)
4. From (2.7) and (3.5) one has
a -+ b= c + mp?, where 6|m, m > 0.
Now two cases are distinguished
1. m z p. Then
¢ > a = c— b+ mp* > mp? = p (4.1)
il. 6 <0 m < p. Using (2.9) one has ayb,c, | m, hence
lay lSom < p, by <P, [y < P

Further 0 < &, -~ byp®, hence byp? > — b, > — p, thus b; = 0
and
Cy==by + PHeg—by) =c—b >0,
hence

b«) h— L‘.h) R 2

Gg—by> > e =y 2 0.

The case ¢; = by 1s excluded.
In fact suppose cg = by. Then ¢y — b, = ¢ —b > 0, hence

thus using (3.3)
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l—la>pr>1— 8270

hence
2p(cy — by)
s :,, 1 << 2 A ]',\ — 2,
! Oy~ Cgp ‘ (= b)p < 4p
which contradicts
a=c—>b-+mp* > 6p2

Consequently ¢; > b;. Using (3.4) one has

1 _I_O.g}%pf < p= ﬁi (1 -+ blq)(} -+ e )4_

& byp? &
Thus
€3 p Cyp* bsp®
1 ]
log 2pe+ — b —
< log 2;»’)( 1 )( 1 ) 08 2her ko
S(—=" 1 —— (1= )>1— ¢
P Csp bsp p

3 -+ log
-1 1—-1052]5
P

Since ¢3 = b; + 1 one has

P
873 4 log 2p
hence
3
€=y + ¢3p° > 3‘3‘-_ IOgé})_p

Consequently comparing (4.1) and (4.2) in both cases i and ii the
result (4.2) holds.

5. Using (2.6) and (4.2) one finds

$3
3+1log2p
From p = 253747889 cone finds

3 ()9 53 18
7> lobxl(\ , 2P > 101..)){10 .

2> e? ¢ >
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